with the ranges for i, r and j indicated in (1). The data may be in the form of theoretically prescribed values or they may be in the form of observations. The unit to be rated is included in the functional with an index 0 as well as in the constraints, with the latter ensuring that an optimal ho = maxho will always satisfy 0 < ho < 1 with optimal solution values u,*, v* > 0. The main uses of these ideas have been in evaluations of "management" and "program" efficiencies2 of decision making units (DMUs) of a not-for-profit variety such as schools,3 hospitals,4 etc. The ability to deal directly with multiple outputs and inputs forms one part of the appeal offered by these models and methods for uses such as these. Another part of its appeal comes from the development in Charnes, Cooper and Rhodes (1978a) which showed how the theory of fractional programming, as provided in Charnes and Cooper (1962) , could be used to obtain access to a linear programming equivalent. This, in turn, yields an implementable form for securing solutions to (1) and it also yields a variety of duality relations for interpreting and utilizing the resulting u*, v*" > 0.
Strong (and sharp) theoretical underpinnings as in physics and engineering are not available in applications such as we are considering. These must be replaced by weaker support-such as can be obtained from other disciplines like economics. It is, in fact, one purpose of the present paper to sharpen some of the latter contacts, but even after this has been accomplished, one must generally be satisfied with weaker results. For instance, one must be satisfied with a measure of only relative efficiency based on the available observations without recourse to what a stronger theory might provide.
We now try to clarify what has already been covered by reference to the illustration in Figure 1 . Here we have portrayed the situation to be considered in terms of a single output, in amounts, y, and a single input, in amounts x. Three decision making units are to be rated for managerial efficiency. The production function represents the maximum output that can be produced for any specified input. The DMUs associated with P2 and PI both achieve the maximum possible outputs for their input levels, while the DMU associated with P3 falls short of the output level which is attainable from its x3 input value.
To evaluate the efficiency of PI, we utilize (1), which, for this one output-one input 2See Charnes, Cooper and Rhodes (1981) , for further discussion of differences in "management" and "program" efficiency. 3See Bessent, Bessent, Kennington and Reagan (1982). 4See D. Sherman (1982) which also contains an interesting comparison that highlights deficiencies of statistical regressions (including translog and Cobb-Douglas regressions) and econometric estimation and similar approaches that have been addressed to these multiple output situations in the past. This results in a characterization of the DMUs associated with P2 and P3 as being "equally inefficient" relative to the DMU associated with PI. This characterization may be satisfactory in some cases. In other cases we may want to "fine tune" the developments in Charnes, Cooper and Rhodes (1978a) so that we can locate differences such as are portrayed in the P2 and P3 situations. Normally, of course, we will not have knowledge of the production functions but we can at least make a start toward this "fine tuning" to the extent that observational data may allow.5 It is toward this end that we shall direct our proposed contacts with economics even while recognizing that the concepts and definitions of theoretical economics as formulated for applications to private sector market behavior may not always be best suited for management science (and related) applications in the not-for-profit sectors.
Production Technologies and Efficiency Envelopes
The economic theory of production forms a natural point of contact with economics and we elect to take this route via the concepts of R. W. Shephard. To be sure, Shephard's work (1953 Shephard's work ( , 1970 ) is primarily directed toward developing formal relations between cost functions and a corresponding production technology on the assumption that a theoretically known efficiency has already been attained.6 The production technology considered, however, encompasses the situation of multiple outputs in an unambiguous manner whereas other parts of (classical) production theory in economics are restricted to the single output situation-which is evidently of little or no interest in not-for-profit sector applications.7 In addition, Shephard has introduced the concept of a "distance function"8 which can be related to the important pioneering 5See Allen (1939) and Ferguson (1969) for treatments involving assumed knowledge of the production technologies. See also the survey by Kopp (1981) .
6Note that economics concepts such as returns to scale, etc., have no unambiguous meaning until the efficiency frontier is attained. Thus, by virtue of this comment alone, most of the statistical-econometric studies on this topic are put in serious question. Other troubles may also be present as discussed in Charnes, Cooper and Schinnar (1982 Rhodes (1981 Rhodes ( , 1978a ) differ in important ways from the usual concepts of a production function at either the individual firm or aggregate level in both empirical and theoretical economics. In fact CCR refer to their function as an "envelope" developed relative to observational data from all of thej = 1,.. , n DMUs, with the envelope forming an efficiency frontier relative to each firm (= DMU) that is to be evaluated. It is to be borne in mind, however, that it is not always appropriate to regard this envelope as a production function in the usual (classical) senses for some of the uses to which the CCR formulations may be put.
The developments we shall use here will be via the kinds of axiomatic formulations which have become common in this part of economics as a result of Shephard's work (1953, 1970) . We shall try to do this, however, in a way that maintains contact with the kind of analytic formulations that are required for implementing these ideas in efficiency evaluations to be obtained directly from observational data.
Axioms
Our approach will be via optimizations conducted with respect to already generated observations." Thus, T is the "smallest" set consistent with the observed data and the postulated properties for the production possibility set. Because T is based on convexification and ray extension, it is a polyhedral set.
Next 
In the economics literature, Postulate 2 is sometimes referred to as "Free Disposability," a term which appears to have originated with Koopmans (1951) . This may be a natural terminology for a discipline which has the analysis of market prices as a central concern. However, it risks a confounding of "market (allocative) efficiency" with the more basic condition of "technical efficiency" which is one of our central concerns.'2 Hence we prefer to use a term like "Efficiency Postulate" which we have converted to "Inefficiency Postulate" to indicate that inefficient production is always possible in the form of more inputs, smaller outputs, or both. In a similar way we prefer the more neutral term "ray unboundedness" to other alternatives such as "constant returns to scale." In this way we call attention to the fact that our usage of the latter is for individual characterizations and also to allow for other possibilities such as the presence of capacity limitations on inputs, especially when inefficiency possibilities are to be evaluated.
Shephard's Distance Function and Efficiency Measures
Having thus specified the production possibility set T, we next turn to the estimation of Shephard's distance function from these same observational data in order to relate it to the CCR efficiency measure. Shephard (1970, By following an analysis similar to the one we have used for the distance function for input sets, it is easy to establish a similar relation between Shephard's distance function and the CCR measure (before adjustment for slacks) when T satisfies Postulates 1 to 4.
Reduction of Postulates
In order to extend what we have already achieved to the task of tracing the efficient production surface, we now delete Postulate 3 from our requirements. This "Ray Unboundedness" postulate enabled us to extrapolate the performance of the most efficient DMUs with efficient scale sizes (for their given input and output mixes) and identify any scale inefficiencies that may be reflected in the level of operations of other DMUs. By deleting this postulate we now restrict our attention strictly to production inefficiencies at the given level of operations for each DMU, and thus develop an efficiency measurement procedure that assigns an efficiency rating of one to a DMU if and only if the DMU lies on the efficient production surface, even when it may not be operating at the most efficient scale size. This identification of the efficient production surface will also allow us to determine whether increasing, constant or decreasing returns to scale'4 prevail in different segments of the production surface. To reduce possible confusion with the concept of economies of scale, we shall avoid any recourse to cost functions'5 and related price imputation requirements and deal directly with the inputs and outputs as they may be observed in vectors Xj, Yj for thejth DMU.
Assuming now that the possibility set T satisfies only Postulates 1, 2, and 4, we proceed as before to characterize T as the "smallest" set satisfying the "convexity" and the "inefficiency" postulates, subject to the condition that each of the observed vectors (X., Y.) E T. Therefore, proceeding as in the previous section, we can deduce that a vector (X, Y) is in the set T if and only if 
j=l j=l for some X > 0, j = 1, ... , n, satisfying the condition that En= IX_ = 1.
We next determine Shephard's distance function for input sets L(Y) when the production possibility set T is specified as above. relying on the fact that h > 0 will be satisfied when the components of every Xi and Y1 are all nonnegative-as is the case for the observational data we are considering. This is a linear programming problem, the dual of which can be written as: 
Returns to Scale Characterizations
We now continue to extend our contacts with theoretical economics by turning to the problem of returns to scale (increasing, decreasing, or constant) as found in that literature. Once again, however, we emphasize that we are proceeding directly from observational data in our fine tuning of the CCR developments found in Charnes, Cooper and Rhodes (1978a). Mix and scale variations are likely to occur together in such observational data and so safeguards are required, as in our minimum extrapolation postulate, insofar as we cannot effect a separation of scale variations as in the formal theory of economics. 18 We shall examine returns to scale locally at a point, say (XE, YE), on the efficient production surface, and relate it to the sign of the intercept term u0 in the fractional programming problem (21) for this purpose.
We begin by asserting that the hyperplane given by Up to this point we have been considering situations such as the one depicted generically at A and E in Figure 2 where the coefficients of the supporting hyperplane are determined by the components of the outward pointing normals at these points. At points of intersection such as shown for the two broken lines, these expressions are no longer unique. The components of the two normals at A and E provide alternate expressions, as do their convex combinations, from which additional supports may be designated that correspond to positions of rotation for these supporting hyperplanes at this point.
The above analysis considered efficiency measures based on input possibility sets as in (21). If we consider the alternative efficiency measures based on the output possibility sets, as in (22), then by pursuing a similar line of analysis we can relate the returns to scale at any point on the efficient production surface to the sign of the intercept term v* for the supporting hyperplanes. In either case, in addition to providing a measure for the efficiency of individual observations and a means for tracing the efficient production surface, our mathematical programming formulation therefore also enables us to ascertain whether increasing, constant or decreasing returns to scale are present at specific points on the efficient production surface.
Concluding Interpretations
In this paper we have provided models for estimating technical and scale efficiencies of decision making units with reference to the efficient production frontier. The linear programming problems in (14) and (15) are employed to estimate the overall technical and scale efficiencies of a DMU. The linear programming formulations in (19A) and (20A) take into account the possibility that the average productivity at the most productive scale size may not be attainable for other scale sizes at which a particular DMU may be operating. These formulations estimate the pure technical efficiency of a DMU at the given scale of operation. The estimation of most productive scale size in DEA is discussed in Banker (1984) . Instead of pursuing the latter course,25 we now close by simplifying the above analysis in a way that makes contact with classical, single output, production theory in economics. This can be done by first replacing the above transformation function with a production functionf(x) which is applicable in this single output case.
Removing the identifying subscript j, we write y = f(x) for the output which is (uniquely) obtained from input x. Then we adjust the denominator in ( 
